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ON THE ASSOUAD DIMENSION AND
CONVERGENCE OF METRIC SPACES
YOSHITO ISHIKI
Abstract. We introduce the notion of pseudo-cones of metric
spaces as a generalization of both of the tangent cones and the as-
ymptotic cones. We prove that the Assouad dimension of a metric
space is bounded from below by that of any pseudo-cone of it. We
exhibit a example containing all compact metric spaces as pseudo-
cones, and examples containing all proper length spaces as tangent
cones or asymptotic cones.
1. Introduction
Assouad [1, 2, 3] introduced the notion of the so-called Assouad
dimension for metric spaces, and studied the relation between the bi-
Lipschitz embeddability into a Euclidean space for metric spaces and
their Assouad dimensions. In general, it seems to be difficult to esti-
mate the Assouad dimension from below. Mackay and Tyson [20] pro-
vided a lower estimation of the Assouad dimensions of metric spaces by
using their tangent spaces. Namely, they proved that if W is a tangent
space of a metric space X , then dimAW ≤ dimAX , where dimA stands
for the Assouad dimension.
Le Donne and Rajala [19] obtained both-sides estimations of the
Assuad dimensions and the Nagata dimensions by tangent spaces under
a certain assumption (see [19, Thereoms 1.2, 1.4]). Dydak and Higes
[8] obtained a lower estimation of the Assouad-Nagata dimensions by
asymptotic cones as ultralimits (see [8, Proposition 4.1]).
In this paper, we introduce the notion of pseudo-cones of metric
spaces, which can be considered as a generalization of tangent cones
and asymptotic cones. For h ∈ (0,∞), and for a metric space X with
metric dX , we denote by hX the metric space (X, hdX).
Definition 1.1 (Pseudo-cone). Let X be a metric space. Let {Ai}i∈N
be a sequence of subsets of X , and let {ui}i∈N be a sequence in (0,∞).
We say that a metric space P is a pseudo-cone of X approximated
by ({Ai}i∈N, {ui}i∈N) if limi→∞ dGH(uiAi, P ) = 0, where dGH is the
Gromov–Hausdorff distance.
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For instance, every closed ball centered at a based point of a tangent
cone or an asymptotic cone is a pseudo-cone. Indeed, if a pointed metric
space (W,w) is a tangent (resp. asymptotic) cone of a metric space X
at p, then for every R ∈ (0,∞) the closed ball B(w,R) centered at
w with radius R is a Gromov–Hausdorff limit of riB(pi, R/ri), where
{pi}i∈N is a sequence in X with limi→∞ pi = p and limi→∞ ri = ∞
(resp. 0); in particular, B(w,R) is a pseudo-cone of X approximated
by ({B(pi, R/ri)}i∈N, {ri}i∈N).
For a metric space X , we denote by PC(X) the class of all pseudo-
cones of X . By using the notion of pseudo-cones, we formulate a gener-
alization of the Mackay–Tyson estimation for the Assouad dimensions.
Theorem 1.1. Let X be a metric space. Then for every P ∈ PC(X)
we have
dimA P ≤ dimAX.
The notion of ultralimits of metric spaces is a method of emulating a
limit space of a sequence of metric spaces (see Subsection 2.3). Let U be
a non-principal ultrafilter on N. For a sequence {(Xi, pi)}i∈N of pointed
metric spaces, we denote by limU(Xi, pi) the ultralimit of {(Xi, pi)}i∈N
with respect to U . The existence of an ultralimit is always guaranteed.
For an ultralimit analogy of pseudo-cones, we obtain the following:
Theorem 1.2. Let X be a metric space. Let {Ai}i∈N be a sequence of
subsets of X, and let {ui}i∈N be a sequence in (0,∞). Take ai ∈ Ai for
each i ∈ N. Then for every non-principal ultrafilter U on N we have
dimA
(
lim
U
(uiAi, ai)
)
≤ dimAX.
The lower Assouad dimension was essentially introduced by Larman
[18]. This dimension is used for interpolation of the Assouad dimension.
We also obtain the similar estimations as Theorems 1.1 and 1.2 for the
lower Assouad dimension (see Theorems 3.5 and 3.6).
In the conformal dimension theory, the conformal Assouad dimen-
sion is studied as an invariant of quasi-symmetric maps (see [20]). In
other words, by comparing the conformal Assouad dimensions of met-
ric spaces, we can distinguish their quasi-symmetric equivalent classes.
In general, it seems to be quite difficult to find the exact value of the
conformal Assouad dimension.
For a metric space X , we denote by KPC(X) the class of all pseudo-
cones approximated by a pair of a sequence {Ai}i∈N of compact sets
of X and a sequence {ui}i∈N in (0,∞). We also obtain the following
lower estimation of the conformal Assouad dimensions:
Theorem 1.3. Let X be a metric space. Then for every P ∈ KPC(X)
we have
CdimA P ≤ CdimAX,
where CdimA stands for the conformal Assouad dimension.
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As a consequence of Theorem 1.3, for every metric space X , we can
estimate the conformal Assouad dimension of X by the conformal As-
souad dimension of closed balls of an ultralimit constructed by scalings
of subsets of X (see Corollary 3.8).
The points in the proofs of Theorems 1.1, 1.2 and 1.3 for pseudo-
cones or ultralimits are to use the stability of the Assouad dimension
under scaling of metrics, and to extract the techniques of Mackay and
Tyson [20] in their lower estimation for their tangent spaces.
We say that a topological space X is an (ω0+1)-space if X is home-
omorphic to the one-point compactification of the countable discrete
topological space. For example, the ordinal space ω0+1 with the order
topology is an (ω0 + 1)-space.
We construct an (ω0+1)-metric space containing any compact metric
space as a pseudo-cone.
Theorem 1.4. There exists an (ω0 + 1)-metric space X such that
PC(X) contains all compact metric spaces.
A metric space is said to be a length space if the distance of two
points in the metric space is equal to the infimum of lengths of arcs
jointing the two points. A metric space is said to be proper if all
bounded closed sets in the metric space are compact.
Similarly to Theorem 1.4, we construct metric spaces containing any
proper length space as a tangent cone or an asymptotic cone.
Theorem 1.5. There exists an (ω0+1)-metric space X for which every
pointed proper length space (K, p) is a tangent cone of X at its unique
accumulation point.
Theorem 1.6. There exists a proper countable discrete metric space
X for which every pointed proper length space (K, p) is an asymptotic
cone of X at some point.
The metric spaces mentioned in Theorems 1.4, 1.5 or 1.6 are exam-
ples showing that analogies of Theorem 1.1 for the topological dimen-
sion, the Hausdorff dimension and the conformal Hausdorff dimension
are false (see Proposition 4.11).
The organization of this paper is as follows: In Section 2, we review
the definitions and basic properties of the Assouad dimension and the
Gromov–Hausdorff distance. In Section 3, we prove Theorems 1.1, 1.2
and 1.3. In Section 4, we construct examples ststed in Theorems 1.4,
1.5 and 1.6.
Fraser and Yu [10] studied a characterization of subspaces of full As-
souad dimension in the Euclidean space from a viewpoint of number
theory. In [10], they observed a variant of the Mackay–Tyson esti-
mation in a Euclidean setting. In the forthcoming paper [16], as an
application of Theorem 1.1, the author will generalized the characteri-
zation theorem of Fraser and Yu to a metric space setting. In [16], the
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author will introduce the notion of tiling spaces, which form a subclass
of metric spaces including the Euclidean spaces, the middle-third Can-
tor spaces, and various self-similar spaces appeared in fractal geometry.
In [16], the author will prove that for every doubling tiling space X , a
subset F of X satisfies dimA F = dimAX if and only if some specific
subset of X , called a tile, is a pseudo-cone of F .
Acknowledgements. The author would like to thank Professor Koichi
Nagano for his advice and constant encouragement. The author also
would like to thank Enrico Le Donne, Tapio Rajala and Jerzy Dydak
for their helpful comments on the references.
2. Preliminaries
Let X be a metric space. The symbol dX stands for the metric of X .
Let A be a subset of X . We denote by δ(A) the diameter of A, and we
set α(A) = inf{ dX(x, y) | x, y ∈ A and x 6= y }. We denote by B(x, r)
(resp. U(x, r)) the closed (resp. open) ball centered at x with radius
r. We also denote by B(A, r) the set
⋃
a∈AB(a, r). To emphasize a
metric space under consideration, we often use symbols δX(A), αX(A),
B(x, r;X) and B(A, r;X) instead of δ(A), α(A), B(x, r) and B(A, r),
respectively. A subset A of X is said to be r-separated if α(A) ≥ r. A
subset A is separated if it is r-separated for some r.
In this paper, we denote by N the set of all non-negative integers.
2.1. Assouad dimension. For a positive integer N ∈ N, a metric
space X is said to be N-doubling if for every bounded set S ⊂ X there
exists a subset F ⊂ X such that S ⊂ B(F, δ(S)/2) and card(F ) ≤ N .
Note that if a metric space X is N -doubling, then so are all subsets of
X . A metric space is doubling if it is N -doubling for some N .
For a bounded set S ⊂ X , we denote by BX(S, r) the minimum
integer N such that S can be covered by at most N bounded sets with
diameter at most r. We denote by A (X) the set of all β ∈ (0,∞) for
which here exists C ∈ (0,∞) such that for every bounded set S ⊂ X ,
and for every r ∈ (0,∞), we have BX(S, r) ≤ C(δ(S)/r)
β.
The Assouad dimension dimAX of X is defined as inf(A (X)) if the
set A (X) is non-empty; otherwise, dimAX =∞. We denote by B(X)
the set of all β ∈ (0,∞) for which there exists C ∈ (0,∞) such that for
every finite subset A of X we have card(A) ≤ C(δ(A)/α(A))β, where
card(A) stands for the cardinality of A.
By definitions, we obtain the next two propositions.
Proposition 2.1. For every metric space X, the following are equiv-
alent:
(1) X is doubling;
(2) A (X) is non-empty;
(3) B(X) is non-empty;
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(4) dimAX <∞.
Proposition 2.2. For every metric space X, we have
dimAX = inf(B(X)).
The lower Assouad dimension dimLAX of X is defined as the supre-
mum of all β ∈ (0,∞) for which there exists C ∈ (0,∞) such that for
every finite set S in X we have card(S) ≥ C(δ(S)/α(S))β.
Proposition 2.3. For every metric space X, we have
dimLAX ≤ dimAX.
2.2. Gromov–Hausdorff distance. For a metric space Z, and for
subsets S, T ⊂ Z, we define the Hausdorff distance dH(S, T ;Z) between
S and T in Z as the infimum r ∈ (0,∞) for which S ⊂ B(T, r) and
T ⊂ B(S, r). For two metric spaces X and Y , the Gromov–Hausdorff
distance dGH(X, Y ) between X and Y is defined as the infimum of all
values dH(i(X), j(Y );Z), where Z is a metric space and i : X → Z
and j : Y → Z are isometric embeddings.
To deal with the Gromov–Hausdorff distance, we use the so-called
approximation maps. For ǫ ∈ (0,∞), and for metric spaces X and
Y , a pair (f, g) with f : X → Y and g : Y → X is said to be an
ǫ-approximation if the following conditions hold:
(1) for all x, y ∈ X , we have |dX(x, y)− dY (f(x), f(y))| < ǫ;
(2) for all x, y ∈ Y , we have |dY (x, y)− dX(g(x), g(y))| < ǫ;
(3) for each x ∈ X and for each y ∈ Y , we have dX(g ◦ f(x), x) < ǫ
and dY (f ◦ g(x), x) < ǫ.
By the definitions of the Gromov–Hausdorff distance, we obtain:
Proposition 2.4. Let X and Y be metric spaces. Then for every
h ∈ (0,∞) we have dGH(hX, hY ) = hdGH(X, Y ).
The next two claims can be seen in Sections 7.3 and 7.4 in [6].
Lemma 2.5. If metric spaces X and Y satisfy dGH(X, Y ) ≤ ǫ, then
there exists a 2ǫ-approximation between them.
Proposition 2.6. For all metric spaces X and Y , we have
|δ(X)− δ(Y )| ≤ 2dGH(X, Y ).
We say that a sequence {(Xi, pi)}i∈N of pointed metric spaces con-
verges to (Y, q) in the pointed Gromov–Hausdorff topology if there
exist a sequence {ǫi}i∈N in (0,∞) with limi→∞ ǫi = 0, and a sequence
{(fi, gi)}i∈N of ǫi-approximation maps between Xi and Y with fi(pi) =
q and g(q) = pi.
6 YOSHITO ISHIKI
2.3. Ultralimits. Let U be a non-principal ultrafilter on N. For a
sequence {ai}i∈N in R, a real number u is a ultralimit of {ai}i∈N with
respect to U if for every ǫ ∈ (0,∞) we have { i ∈ N | |ai−u| < ǫ } ∈ U .
In this case, we write limU ai = u. Note that an ultralimit of a bounded
sequence in R always uniquely exists.
Let {(Xi, pi)}i∈N be a sequence of pointed metric spaces. We put
B({(Xi, pi)}i∈N) =
{
{xi}i∈N ∈
∏
i∈N
Xi | sup
i∈N
d(pi, xi) <∞
}
.
Define an equivalence relation RU on B({(Xi, pi)}i∈N) in such a way
that {xi}i∈NRU{yi}i∈N if and only if limU dXi(xi, yi) = 0. We denote by
[{xi}i∈N] the equivalence class of {xi}i∈N. We denote by limU(Xi, pi) the
metric space B({(Xi, pi)}i∈N)/RU equipped with the metric dlimU (Xi,pi)
defined by
dlimU (Xi,pi)(x, y) = lim
U
dXi(xi, yi),
where x = [{xi}i∈N] and y = [{yi}i∈N]. We call limU(Xi, pp) the ultra-
limit of the sequence {(Xi, pi)}i∈N with respect to U .
The following can be seen in [5, I.5.52] or [17, Proposition 3.2].
Lemma 2.7. Let {(Xi, pi)}i∈N be a sequence of pointed compact metric
spaces. If {(Xi, pi)}i∈N converges to a pointed compact metric space
(X, p), then limU(Xi, pi) and (X, p) are isometric to each other.
We say that a sequence {Xi}i∈N of metric spaces is uniformly bounded
if there exists M ∈ (0,∞) with supi∈N δ(Xi) ≤M .
For every uniformly bounded sequence {Xi}i∈N, and for every choice
{pi}i∈N ∈
∏
i∈NXi of base points, we have B({(Xi, pi)}i∈N) =
∏
i∈NXi.
Therefore Lemma 2.7 implies:
Lemma 2.8. Let {Xi}i∈N be a uniformly bounded sequence of compact
metric spaces. If {Xi}i∈N converges to a compact metric space L, then
for every choice {pi}i∈N ∈
∏
i∈NXi of base points, the metric spaces
limU(Xi, pi) and L are isometric to each other.
3. Pseudo-cones and the Assouad dimension
In this section, we prove Theorems 1.1, 1.2 and 1.3.
3.1. Basic properties of pseudo-cones. By Proposition 2.4, we have:
Proposition 3.1. Let X be a metric space. If A ∈ PC(X), then for
every h ∈ (0,∞) we have hA ∈ PC(X).
We say that a sequence {Xi}i∈N of metric space is uniformly pre-
compact if for every ǫ ∈ (0,∞) there exists M ∈ N such that for every
i ∈ N, every ǫ-separated set in Xi has at most M elements. Note
that if there exists N ∈ N such that for each i ∈ N, the space Xi is
N -doubling, then {Xi}i∈N is uniformly bounded.
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We recall Gromov’s precompactness theorem (see Section 7.4 in [6]).
Namely, if a sequence {Xi}i∈N of compact metric spaces is uniformly
precompact and uniformly bounded, then there exists a subsequence
of {Xi}i∈N which converges to a compact metric space in the sense of
Gromov–Hausdorff. This guarantees the existence of pseudo-cones for
doubling metric spaces.
Proposition 3.2. Let X be a doubling metric space. If a sequence
{Ai}i∈N consists of compact sets in X, and if {uiAi}i∈N is uniformly
bounded for a sequence {ui}i∈N in (0,∞), then there exists a conver-
gent subsequence {uφ(i)Aφ(i)}i∈N of {uiAi}i∈N in the sense of Gromov–
Hausdorff.
Let X be a proper metric space, and p ∈ X . A pointed metric space
(Y, y) is said to be a tangent (resp. asymptotic) cone of X at p if there
exist a sequence {pi}i∈N in X with limi→∞ pi = p, and a sequence {ri}
in (0,∞) with limi→∞ ri = 0 (resp. ∞) such that for every R ∈ (0,∞)
we have (riB(pi, R/ri), pi) → (B(y, R), y) as i → ∞ in the pointed
Gromov–Hausdorff topology (see Section 8.1 in [6]).
By the definitions of the tangent cones and the asymptotic cones, we
obtain:
Proposition 3.3. Let X be a proper metric space, and let (Y, y) be a
tangent cone of X or asymptotic cone of X. Then for every R ∈ (0,∞)
we have B(y, R) ∈ PC(X).
3.2. Lower estimations. First we prove Theorem 1.1.
Proof of Theorem 1.1. Let X be a metic space, and P ∈ PC(X). We
assume that P is approximated by ({Ai}i∈N, {ui}i∈N). Suppose that
dimA(X) < dimA(P ). Take β ∈ B(X) with dimA(X) < β < dimA(P ).
Since β ∈ B(X), there exists M ∈ (0,∞) such that for every finite set
T of X we have card(T ) ≤M(δX(T )/αX(T ))
β.
Put C = 4β(M + 1). From β < dimA P , it follws that β 6∈ B(P ).
Thus there exists a finite set S of P with card(S) > C(δP (S)/αP (S))
β.
Since dGH(uiAi, P ) → 0 as i → ∞, we can take N ∈ N such that
dGH(uNAN , P ) < αP (S)/20. By Lemma 2.5, there exists an (αP (S)/10)-
approximation (f, g) between uNAN and P . For each x ∈ S, take
tx ∈ uNAN such that tx ∈ B(g(x), αP (S)/10). Note that if x 6= y, then
tx 6= ty. Put T = { tx | x ∈ S }. For all x, y ∈ S, we obtain
uNdX(tx, ty) ≤ dP (x, y) + 3αP (S)/10 ≤ 2δP (S),
and
uNdX(tx, ty) ≥ dP (x, y)− 3αP (S)/10 ≥ 2
−1αP (S).
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Thus, we have δX(T ) ≤ 2u
−1
N δP (S) and αX(T ) ≥ 2
−1u−1N αP (S), and
hence
card(T ) = card(S) > C(δP (S)/αP (S))
β
= 4−βC(2u−1N δP (S)/2
−1u−1N αP (S))
β ≥ 4−βC(δX(T )/αX(T ))
β.
On the other hand, we also have card(T ) ≤M(δX(T )/αX(T ))
β. These
inequalities imply that 4−βC < M . This is a contradiction. 
Since for every metric space X we have X ∈ PC(X), by Theorem
1.1, we obtain:
Corollary 3.4. Let X and Y be metric spaces. If dGH(X, Y ) = 0, then
dimAX = dimA Y .
This corollary slightly generalizes the fact that the Assouad dimen-
sion of any metric space is equal to that of its completion.
By a similar proof to Theorem 1.1, we obtain:
Theorem 3.5. Let X be a metric space. Then for every P ∈ PC(X)
we have
dimLAX ≤ dimLA P.
Next we prove Theorem 1.2
Proof of Theorem 1.2. Let X be a metric space. Let {Ai}i∈N be a se-
quence of subsets of X , and let {ui}i∈N be a sequence in (0,∞). Let U
be a non-principal ultrafilter on N. Take ai ∈ Ai for each i ∈ N. Put
P = limU(uiAi, ai).
Suppose that dimAX < dimA P . Let β ∈ B(X), M ∈ (0,∞),
C = 4β(M+1) and S ⊂ P be the same objects in the proof of Theorem
1.1. Put S = {[x1,i], [x1,i] . . . , [xn,i]}. Put Si = {x1,i, . . . , xn,i} ⊂ uiAi
for each i ∈ N. By the definition of ultralimits, for U-almost all i ∈ N,
and for all k, l ∈ {1, . . . , n} we have
|uidX(xk,i, xl,i)− dP ([xk,i], [xl,i])| < α(S)/2.
Then for such U-almost all i ∈ N we have
δX(Si) ≤ 2u
−1
i δ(S)
and
αX(Si) ≥ 2
−1u−1i .
Since card(Si) = card(S), by a similar argument to the proof of Theo-
rem 1.1, we obtain 4−βC < M . This is a contradiction. 
By a similar argument to the proof of Theorem 1.2, we obtain:
Theorem 3.6. Let X be a metric space. Let {Ai}i∈N be a sequence of
subsets of X, and let {ui}i∈N be a sequence in (0,∞). Take ai ∈ Ai for
each i ∈ N. Then for every non-principal ultrafilter U on N we have
dimLAX ≤ dimLA
(
lim
U
(uiAi, ai)
)
.
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3.3. Conformal Assouad dimension. Let η : [0,∞) → [0,∞) be
a homeomorphism. A homeomorphism f : X → Y between metric
spaces is said to be an η-quasi-symmetric map if the following holds:
(QS) if for x, y, z ∈ X and for t ∈ [0,∞) we have dX(x, y) ≤ tdX(x, z),
then dY (f(x, f(y))) ≤ η(t)dY (f(x), f(z)).
A homeomorphism f : X → Y is quasi-symmetric if it is η-quasi-
symmetric for some η. Note that the inverse of a quasi-symmetric map
is also quasi-symmetric.
For a metric space X , the conformal Assouad dimension CdimAX
of X is defined as the infimum of all Assouad dimensions of all quasi-
symmetric images of X .
In the proof of Theorem 1.3, we use the following theorem due to
Tukia and Va¨isa¨la¨ (see [21, Theorem 2.21]).
Theorem 3.7. If a map f : X → Y between metric spaces satisfies the
condition (QS), then f is either a constant map or a quasi-symmetric
embedding.
We now prove Theorem 1.3.
Proof of Theorem 1.3. Let X be a metric space, and P ∈ KPC(X).
Since a non-doubling space has infinite conformal Assouad dimension,
we may assume that X is doubling. Take a metric space Y and an η-
quasi-symmetric map f : X → Y . We may assume that P is compact
and P has at least two elements. We assume that P is approximated
by ({Ai}i∈N, {ui}i∈N), where {Ai}i∈N is a sequence of compact sets in
X . By Proposition 2.6, we have supi δ(uiAi) < ∞. For each i ∈ N,
put Bi = f(Ai) and vi = (δY (Bi))
−1. By Gromov’s precompactness
theorem, by choosing a suitable subsequence if necessary, we find a
limit compact metric space Q ∈ KPC(Y ) of {viBi}i∈N.
Let U be a non-principal ultrafilter on N. By Lemma 2.8, we can
consider that Q = limU viBi and P = limU uiAi. Since f is continuous
and δ(viBi) = 1 for all i ∈ N, the map f : X → Y induce a map
F : P → Q defined by F ([{xi}i∈N]) = [{f(xi)}i∈N]. Replacing the role
of f with that of f−1, we obtain the inverse of F . Thus F is bijective.
In order to prove that F satisfies the condition (QS), we assume
dP (x, y) ≤ tdP (x, z), where x = [{xi}i∈N], y = [{yi}i∈N], z = [{zi}i∈N].
For each ǫ ∈ (0,∞), we have
duiAi(xi, yi) < (t+ ǫ)duiAi(xi, zi)
for U-almost all i ∈ N. Thus, since f is η-quasi-symmetric, we have
dviBi(f(xi), f(yi)) < η(t+ ǫ)dviBi(f(xi), f(zi))
for U-almost all i ∈ N. Then we conclude
dQ(F (x), F (z)) < η(t+ ǫ)dQ(F (x), F (z)).
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Letting ǫ → 0, we obtain dQ(F (x), F (z)) ≤ η(t)dQ(F (x), F (z)). Since
F is bijective and non-constant, by Theorem 3.7 we conclude that F
is an η-quasi-symmetric map. Thus CdimA P ≤ dimAQ. Theorem 1.1
implies dimAQ ≤ dimA Y . In particular, CdimA P ≤ CdimAX . 
As a corollary of Theorem 1.3, we obtain:
Corollary 3.8. Let X be a metric space. Let {Ai}i∈N be a sequence
of subsets of X, and let {ui}i∈N be a sequence in (0,∞). Take pi ∈ Ai
for each i ∈ N. Put Y = limU(uiAi, pi). Then for every R ∈ (0,∞) we
have
CdimA(B(p, R; Y )) ≤ CdimAX,
where p = [{pi}i∈N].
Proof. Since the Assouad of the completion of X coincides with that of
X , we may assume that X is doubling and complete. Since limU(uiAi)
is isometric to limU(uiCL(Ai)), we may assume that each Ai is closed.
Note that Ai is doubling and complete, and hence it is proper. Put
S =
{
{xi}i∈N ∈
∏
i∈N
Ai | dAi(pi, xi) < 2R
}
/RU ,
and
T =
{
{xi}i∈N ∈
∏
i∈N
Ai | dAi(pi, xi) ≤ 2R
}
/RU .
By the definition of ultralimit, we have B(p, R; limU(uiAi)) ⊂ S. We
also have T = limU(B(pi, 2R), pi). Since Ai is proper, the ball B(pi, R)
is compact. Thus by Theorem 1.3, we obtain
CdimA T ≤ CdimAX.
By the monotonicity of the conformal Assouad dimension, we obtain
the corollary. 
4. Examples
In this section, we study examples containing a large class of metric
space as their pseudo-cones, tangent cones or asymptotic cones.
4.1. Telescope construction. Let X = {Xi}i∈N be a sequence of
bounded metric spaces. Assume that δ(Xi) ≤ 2
−i. Put
T (X ) = {∞} ⊔
∐
i∈N
Xi,
and define a metric dT (X ) on T (X ) by
dT (X )(x, y) =


dXi(x, y) if x, y ∈ Xi for some i,
max{2−i, 2−j} if x ∈ Xi, y ∈ Xj for some i 6= j,
2−i if x =∞, y ∈ Xi for some i,
2−i if x ∈ Xi, y =∞ for some i.
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We call the metric space T (X ) the telescope space of X . This construc-
tion is a specific version of the telescope spaces discussed in [15].
4.2. Proof of Theorem 1.4. We construct an (ω0 + 1)-metric space
containing all compact metric spaces as its pseudo-cones.
We denote by S the class of all separable metic spaces. We say
that a metric space X is S-universal if every metric space A ∈ S is
isometrically embeddable into X .
The Urysohn universal space U (see [22, 13, 11]), and the space
C([0, 1]) of all real valued continuous functions on [0, 1] equipped with
the supremum metric (see [4, 13]) are separable and S-universal. Note
that the space ℓ∞ of all bounded sequences equipped with the supre-
mum metic is S-universal, which is known as Fre´chet’s embedding
theorem (see [9]); however, ℓ∞ is not separable.
By the virtue of the telescope construction, and by the existence of
separable S-universal metric space, we can prove Theorem 1.4.
Proof of Theorem 1.4. Let U be a separable S-universal metric space.
Let Q be a countable dense set of U , and let J = {Ki}i∈N be the set of
all finite set of Q. Put X = T (J). The metric space X is an (ω0 + 1)-
metric space, and the point∞ is its unique accumulation point. Let K
be any compact metric space. Since K is isometrically embeddable into
U , there exists a subsequence {Kφ(i)}i∈N of J with dH(Kφ(i), K;U)→ 0
as i → 0. For each i ∈ N we have (2iδ(Kφ(i)))
−1Kφ(i) ⊂ X . Thus
K ∈ PC(X). This finishes the proof of Theorem 1.4. 
By a similar argument, we also obtain:
Proposition 4.1. Let U be a separable S-universal metric space. If
Q is a countable dense set of U , then PC(Q) = S.
4.3. Proofs of Theorems 1.5 and 1.6. By an argument on arcs in
a length space, we obtain the following estimation of the Hausdorff
distance between concentric balls.
Proposition 4.2. Let X be a length space and p ∈ X. Then for all
r, R ∈ (0,∞) we have
dH(B(p, r), B(p, R);X) ≤ |r −R|.
The following proposition is a key of our construction of the desired
spaces in Theorems 1.5 and 1.6.
Proposition 4.3. Let U be a metric space, and Q a countable dense
subset of U . Let K be a length metric subspace of U , and p ∈ K. For
all i, k ∈ N, put lk,i = k ·2
−i. Assume that a sequence {Ai}i∈N of subsets
of Q satisfies the following for every i ∈ N:
(A1) p ∈ Ai;
(A2) for each k ∈ {0, . . . , 22i} we have
dH(B(p, lk,i;K), B(p, lk,i;Ai);U) ≤ 2
−i.
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Then for every R ∈ (0,∞), the sequence {(B(p, R;Ai), p)}i∈N converges
to (B(p, R;K), p) in the pointed Gromov–Hausdorff topology.
Proof. Take N ∈ N with R < 22N . Then for each i ≥ N , we can take
k ∈ {0, . . . , 22i} with
lk,i ≤ R < lk+1,i.
By the condition (A2), for m ∈ {k, k + 1},
dH(B(p, lm,i;Ai), B(p, lm,i;K);U) ≤ 2
−i.
Thus, we have
(4.1) B(p, lk,i;K) ⊂ B(B(p, lk,i;Ai), 2
−i;U),
and
(4.2) B(p, lk+1,i;Ai) ⊂ B(B(p, lk+1,i;K), 2
−i;U).
Since for m ∈ {k, k+1} we have |R− lm,i| ≤ 2
−i, by Proposition 4.2,
for m ∈ {k, k + 1} we have
dH(B(p, R;K), B(p, lm,i;K);U) ≤ 2
−i.
Thus we have
(4.3) B(p, R;K) ⊂ B(B(p, lk,i;K), 2
−i;U),
and
(4.4) B(p, lk+1,i;K) ⊂ B(B(p, R;K), 2
−i;U).
Since B(p, lk,i;Ai) ⊂ B(p, R;Ai), by (4.1) and (4.3), we obtain
(4.5) B(p, R;K) ⊂ B(B(p, R;Ai); 2
−i+1;U).
Since B(p, R;Ai) ⊂ B(p, lk+1,i;Ai), by (4.2) and (4.4), we obtain
(4.6) B(p, R;Ai) ⊂ B(B(p, R;K); 2
−i+1;U).
Then, by (4.5) and (4.6), we have
dH(B(p, R;K), B(p, R;Ai);U) ≤ 2
−i+1.
Hence we conclude that the sequence {(B(p, R;Ai), p)}i∈N converges to
(B(p, R;K), p) in the pointed Gromov–Hausdorff topology. 
A metric space X is said to be homogeneous if for all x, y ∈ X , there
exists an isometry f : X → X such that f(x) = y. The spaces U and
C([0, 1]) are homogeneous.
By the definition of homogeneity, we obtain:
Proposition 4.4. Let U be a homogeneous S-universal metric space.
Then for every q ∈ U , and for every pointed separable metric space
(X, x), there exists an isometry f : X → U such that f(x) = q.
We now prove Theorem 1.5.
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Proof of Theorem 1.5. We may assume that K has at least two ele-
ments. Let U be a separable homogeneous S-universal metric space.
For instance, we can choose C([0, 1]) or U as U . Let Q be a countable
dense subset of U . Put I = {Fi}i∈N be a sequence consisting of all
finite subset of Q. We impose the condition that for every finite subset
A of Q there exists infinite many n ∈ N with Fn = A. By Proposition
4.4, we may assume that K ⊂ U and p ∈ Q.
For each i ∈ N, set ri = (i+ 1)! · δ(Fi). Put J = {(ri)
−1Fi}i∈N. Let
X = T (J). The space X is an (ω0 + 1)-metric space, and ∞ is its
unique accumulation point.
Since K is proper, we can take a sequence {Ai}i∈N of finite subsets
of Q satisfying the conditions (A1) and (A2) in Proposition 4.3. By
the definition of I = {Fi}i∈N, there exists a strictly increasing map
φ : N → N such that rφ(i)Fφ(i) is isometric to Ai for each i ∈ N. Let
qi ∈ Fφ(i) be a corresponding point to p ∈ Ai. Note that rφ(i) →∞ as
i→∞.
To prove that (K, p) is a tangent cone of X , we show that for
each R ∈ (0,∞), the sequence {(riB(qi, R/ri;X), qi)}i∈N converges to
(B(p, R;K), p) in the pointed Gromov–Hausdorff topology. By the def-
inition of {ri}i∈N, we can take N ∈ N such that if i > N , then we have
R < rφ(i) · 2
−φ(i)+1. Therefore, by the definition of X , for every i >
N , the pointed metric space (rφ(i)B(qi, R/rφ(i);X), qi) is isometric to
(B(p, R;Fφ(i)), p). By Proposition 4.3, {(rφ(i)B(qi, R/rφ(i);X), qi)}i∈N
converges to (B(p, R;K), p) in the pointed Gromov–Hausdorff topol-
ogy. Since qi →∞ in X as i→∞, we conclude that (K, p) is a tangent
cone of X at ∞. This completes the proof of Theorem 1.5. 
We next prove Theorem 1.6. As a core part to construct a met-
ric space mentioned in Theorem 1.6, we begin with the following el-
ementary lemma on a surjective map between countable sets, which
guarantees a polite way of indexing a countable set.
Lemma 4.5. There exists a surjective map C : N→ N2×Z satisfying
the following:
(B1) C(0) = (0, 0, 0)
(B2) for every n ∈ N, two points C(n) and C(n + 1) are adjunct in
N
2×Z; namely, for every n ∈ N and for every i ∈ {1, 2, 3}, we
have
|πi(C(n))− πi(C(n+ 1))| ≤ 1;
where πi is the i-th projection,
(B3) for each (x, y, z) ∈ N2×Z, there exist infinite many n ∈ N such
that C(n) = (x, y, z).
Proof. 4.5 Take a surjective map A : N → N2 × Z satisfying the con-
ditions (B1) and (B2). Assume that A does not satisfy the condition
(B3). Take a surjective map H : N→ N satisfying the following:
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(1) H(0) = 0;
(2) for every n ∈ N, the set H−1(n) is infinite;
(3) for every n ∈ N, we have |H(n)−H(n+ 1)| ≤ 1.
For example, if for each n ∈ N we put H(n) = mink∈N |n − k
2|, then
the map H : N → N satisfies the conditions mentioned above. Put
C = A ◦H . Then C satisfies the conditions (B1), (B2) and (B3). 
By the conditions (B1) and (B2), we inductively obtain:
Lemma 4.6. If a surjective map C : N → N2 × Z satisfies the condi-
tions (B1) and (B2), then for every n ∈ N, and for every i ∈ {1, 2, 3},
we have
|πi(C(n))| ≤ n.
We now show that the existence of a metric space containing all
proper length space as its asymptotic cones. Such a space is constructed
as follows: Let U be a separable homogeneousS-universal metric space,
and let Q be a countable dense subset of X . For each (j, k) ∈ N× Z,
let I(j,k) = {F(i,j,k)}i∈N be a sequence consisting of all finite subsets of
Q satisfying the following for every i ∈ N:
(C1) q ∈ F(i,j,k);
(C2) 2−k ≤ δ(F(i,j,k)) < 2
−k+1;
(C3) 2−j ≤ α(F(i,j,k))/δ(F(i,j,k)) < 2
−j+1.
Take a surjective map C : N → N2 × Z stated in Lemma 4.5. For
each i ∈ N, define Gi = FC(i). Put J = {Gi}i∈N. Then J is a sequence
consisting of all finite subsets of Q containing q.
For each i ∈ N, let ai = (α(Gi))
−1 · 2i
2
. Put
X = {q} ⊔
∐
i∈N
(Gi \ {q}),
and define a metric dX : X ×X → [0,∞) by
dX(x, y) ={
aidGi(x, y) if x, y ∈ Fi for some i ∈ N;
aidGi(x, q) + ajdGj(q, y) if x ∈ Fi and y ∈ Fj for some i 6= j.
The metric space X is a proper countable discrete metric space.
We are going to prove that every pointed proper length space is an
asymptotic cone of X . To simplify our notation, for R ∈ (0,∞), and
for i ∈ N, put Bi(R) = (ai)
−1B(q, aiR;X). By the definition of dX , the
space Bi(R) contains an isometric copy of B(q, R;Gi) containing p. We
denote by Si(R) that isometry copy. We also put Ti(R) = Bi(R)\Si(R).
Note that Si(R) ⊂ Gi.
Lemma 4.7. Let R ∈ (0,∞). If i ∈ N satisfies 2i+1δ(Gi) > R, then
for every k > i we have Bi(R) ∩Gk = ∅.
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Proof. For every x ∈ Gk, by the definition of dX , we have
dX(q, x) ≥ 2
k2 ≥ 2(i+1)
2
.
By Lemma 4.6, we obtain
2(i+1)
2
/ai = 2
(i+1)2−i2α(Gi) ≥ 2
2i+12−pi2(C(i))δ(Gi) ≥ 2
i+1δ(Gi) > R.
Hence aiR < 2
(i+1)2 . This leads to the conclusion. 
By Lemma 4.7 and by the definition of Ti(R), we obtain:
Corollary 4.8. For every i ≥ 1 and for every R ∈ (0,∞), we have
Ti(R) ⊂
i−1⋃
j=0
Gj .
Lemma 4.9. For every i ≥ 1, we have
α(Gi)/α(Gi−1) < 16.
Proof. By the conditions (B2), (C2) and (C3), we obtain
α(Gi)/α(Gi−1) < 2
−pi2(C(i))+1+pi2(C(i−1))δ(Gi)/δ(Gi−1)
≤ 4 · δ(Gi)/δ(Gi−1)
< 4 · 2−pi3(C(i))+1+pi3(C(i−1)) ≤ 16.
This proves the lemma. 
We conclude the following:
Lemma 4.10. Let i ∈ N and R ∈ (0,∞). For all x ∈ Ti(R), we have
(ai)
−1dX(q, x) < 32 · 2
−i. In particular, we have
dH(Bi(R), Si(R);Bi(R)) < 32 · 2
−i.
Proof. By Corollary 4.8, we have (ai)
−1dX(p, x) ≤ ai−1δ(Gi−1)/ai. Lem-
mas 4.9 and 4.6 imply
ai−1δ(Gi−1)/ai = 2
(i−1)2−i2δ(Gi−1)(α(Gi)/α(Gi−1))
< 16 · 2−2i+12−pi3(C(i−1))+1 ≤ 32 · 2−i.
This leads to the former part of the lemma. The later part follows from
the former one, q ∈ Si(R) and Si(R) ⊂ Bi(R). 
We now prove Theorem 1.6.
Proof of Theorem 1.6. We first show that the metric space X con-
structed above is a desired space. By Proposition 4.4, we may assume
that K ⊂ U and p = q. Since K is proper, we can take a sequence
{Ai}i∈N of finite subsets of Q satisfying the conditions (A1) and (A2)
in Proposition 4.3. By the definition of J = {Gi}i∈N, and by the con-
dition (B3), there exists a strictly increasing map φ : N→ N such that
Gφ(i) = Ai for every i ∈ N.
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To prove our statement, we next show that for each R ∈ (0,∞), the
sequence {(Bφ(i)(R), q)}i∈N converges to (B(q, R;K), q) in the pointed
Gromov–Hausdorff topology. Note that, by the conditions (C2) and
(C3) and Lemma 4.6, we have ai →∞ as i→∞.
Since δ(Gφ(i)) · 2
φ(i)+1 →∞ as i→∞, we can take N ∈ N such that
for every i ≥ N , we have R < δ(Gφ(i)) · 2
φ(i)+1. By Lemma 4.10, we
have
dH(Bφ(i)(R), Sφ(i)(R);Bφ(i)(R)) < 32 · 2
−φ(i) ≤ 32 · 2−i.
Since Sφ(i)(R) is isometric to B(q, R;Ai), by Proposition 4.3, we con-
clude that {(Bφ(i)(R), q)}i∈N converges to (B(q, R;K), q) in the pointed
Gromov–Hausdorff topology. Therefore (K, p) is an asymptotic cone
of X . Thus we conclude Theorem 1.6. 
Remark 4.1. Let X be a metric space mentioned in Theorems 1.4, 1.5,
1.6 or Proposition 4.1. By Theorem 1.1 and Proposition 3.3, we obtain
dimAX =∞.
All (ω0 + 1)-metric spaces and all countable metic spaces have the
topological dimension 0, and have the Hausdorff dimension 0. Thus,
Theorems 1.4, 1.5, 1.6 or Proposition 4.1 tells us that analogies of
Theorem 1.1 for the topological dimension, the Hausdorff dimension
and the conformal Hausdorff dimension are false. More precisely, we
have the following:
Proposition 4.11. There exists a metric space X such that for some
P ∈ PC(X) we have
dimT X < dimT P, dimH X < dimH P, CdimH X < CdimH P,
where dimT , dimH and CdimH stand for the topological dimension, the
Hausdorff dimension and the conformal Hausdorff dimension, respec-
tively.
Remark 4.2. In [7], Chen and Rossi studied a metric space containing a
large class of metric spaces as tangent cones of it. They constructed a
compact subset X of RN with dimH X = 0 that contains all similarity
classes of compact subsets of [0, 1]N as tangent cones at countable dense
subset of X (see [7, Corollary 5.2]). The metric space X is an example
failing an analogy of Theorem 1.1 for the Hausdorff dimension and the
conformal Hausdorff dimension.
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